Analog Beamsteering (ABS) has emerged as a low complexity and power efficient solution for Millimeter-Wave (mmWave) massive Multiple Input Multiple Output (Massive-MIMO) systems. Driven by the ability to exploit the low spatial correlation between the User Terminals (UTs) when a high number of transmit antennas is available at the Base Station (BS), ABS can be used to support Multi User (MU) MIMO scenarios instead of digital or Hybrid Beamforming (HBF) approaches. In this paper, we analytically characterize the Spectral Efficiency (SE) of MU-Massive-MIMO systems relying on ABS and theoretically define the asymptotic saturation level of the SE at high SNR. On the other hand, we provide a tight theoretical approximation for the SE of the system when implementing HBF with ABS at the analog stage and Zero Forcing precoding at the digital layer.
I. INTRODUCTION
Massive MIMO Millimeter-Wave (mmWave) systems have recently emerged as the main key player in the future wireless networks [1] . Motivated by the high array gains and splendid spectrum available, massive MIMO -mmWave systems can potentially achieve the performance requirements of the next generations of cellular networks. However, achieving these gains are not forward as it is limited by a variety of challenges and bottlenecks, among which the most significant are the hardware complexity [2] and radio front-end power consumption [3] .
Therefore, recent work in the literature [4] , [5] started considering analog beamforming to relax the hardware and power consumption constraints. Moreover, since mmWave channel is sparse and highly Line of Sight (LoS) dominated [6] , Analog Beamsteering (ABS) [7] has recently emerged as one of the most attractive analog beamforming techniques. ABS can indeed be viewed as a low complexity, low overhead solution, since it essentially relies on the estimation of the angle of arrival/departure of the LoS propagation ray, which does even not change over the channel sub-carriers [8] .
However, the main limitation of analog beamforming in general and thus of ABS in particular, is that it can not guarantee interference free multi-user (MU) communications. Traditionally in massive MIMO systems, in order to support MU MIMO scenarios digital beamforming is needed, where each transmit antenna is supplied with a dedicated Radio Frequency (RF) chain and a pair of Digital to Analog Converters (DACs). However, applying digital beamforming in mmWave massive MIMO systems requires high hardware complexity and leads to high power consumption. Therefore, Hybrid Beamforming (HBF) has been introduced as a trade-off solution between the analog and digital beamforming scenarios [9] - [11] . HBF utilizes a small number of RF chains and DAC pairs compared to the number of transmit antennas. HBF was shown to achieve SE very close to the one achieved by digital beamforming in mmWave channels [10] . This is due to the fact that at mmWave systems, the channel is sparse and thus a few number of RF chains is enough to have full access on the channel dominant paths. Moreover, it was recently claimed that HBF can achieve the same performance of digital beamforming with less hardware complexity and power consumption [12] - [14] .
Motivated by the fact that mmWave systems can employ massive MIMO systems with reasonable form factor, recent studies about the favourable propagation scenario and channel hardening [15] - [18] have provided practical performance approximations and comprehensive system behavior when the number of antennas is sufficiently high. With the emergence of these asymptotic approximations, ABS can be seen as a promising candidate for MU operation thanks to the low residual interference level obtained at large-scale antenna regime. Although it was shown in the literature [11] that the SE of MU ABS systems saturates at high SNR, no closed form of this saturation bound has been offered until now. In this paper, we derive such analytical expression for mmWave LoS channels. Furthermore, we provide a tight theoretical approximation for the SE of HBF relying on both ABS and digital Zero Forcing (ZF) implemented at analog and digital layers respectively. Finally, we validate our models using simulation results.
II. SYSTEM AND CHANNEL MODEL
The system introduced throughout the paper is a downlink narrow band MU-MIMO system. The Base Station (BS) has N t transmit antennas organized in a Uniform Linear Array (ULA) architecture, and serving K User Terminals (UTs) each equipped with a single receive antenna.
The BS applies beamforming to serve the K UTs, such that the received signal vectors r=[R 1 ,R 2 ,...,R K ] T ∈C K×1 can be expressed as follows:
r=Hx+n (1) in which n = [N 1 , N 2 , ..., N K ] T ∈ C K×1 denotes the independent and identically distributed (i.i.d.) Additive White Gaussian Noise (AWGN) vector with n ∼ N (0,σ 2 n ), and σ 2 vector is denoted as x = [X 1 ,X 2 ,...,X Nt ] T ∈ C Nt×1 . This latter can be expanded as:
x=Fs
(2) with s = [S 1 ,S 2 ,...,S K ] T ∈ C K×1 the transmitted symbols vector before beamforming and F the so-called beamforming matrix represented as F = [f 1 , f 2 , ..., f K ] T . The formal computation of F will be explained in details in the next section.
The channel model used in the paper is a sparse geometric channel model [11] , [19] , which is used in most of the literature of mmWave signal processing techniques [9] - [11] . This model, also known as, ray-based channel model, describes the channel by the paths (physical rays) that exist between the transmitter and the receiver. Therefore, the channel vector h k between each UT k and the BS can be expressed as:
such that α k,p represents the pth propagation path complex amplitude for UT k, and P k denotes the total number of paths that can be received by UT k while α ∼ CN (0,2σ 2 ). Here we will assume 2σ 2 = 1. The Angle of Departure (AoD) for each path p for UT k is denoted as φ k,p and assumed to be uniformly distributed, i.e. φ ∼ U[0,2π]. The transmit array steering vector is represented as a t (φ k,p ). Given that the BS deploys a ULA array, a t (φ k,p ) can be written as:
where ζ(φ k,p ) is defined as:
such that d represents the inter-element antenna spacing and λ represents the wavelength of the signal. Eventually, the MU-MIMO channel matrix H∈C K×Nt can be represented as
Although this sparse geometric channel model is favourable for mmWave practical channel statistical modelling, it is not favourable in terms of statistical analysis and closed form performance modelling compared to the classical statistical channel models (i.i.d Rayleigh, correlated Rayleigh, Ricean, ..etc). Up to our knowledge only a few papers have been involved on the statistical signal processing analysis of such channels which leaves a gap in the current literature of mmWave MIMO signal processing [15] , [16] , [20] .
In this paper we try to unwrap some of the mathematical features of the pure LoS case of this model and provide closed form theoretical models for the ABS and Hybrid Beamsteering (HBS) approaches. We consider a pure LoS scenario (P k =1,∀K), which is a fairly acceptable assumption for mmWave channels at high frequencies [21] . Therefore, substituting P k =1 in Equation (3), the pure LoS channel for each UT k can be expressed as:
III. BEAMFORMING STRATEGIES In this section, we describe in details the ABS and HBF adopted throughout the paper.
A. Analog Beamsteering
In this analog beamforming scenario, the phase shifters in the analog domain are adjusted in order to steer the beam for the UT k over its LoS path. Indeed, analog beamsteering has recently attracted the attention for mmWave channels, since they are LoS dominated [11] . Moreover, analog beamsteering has low overhead requirements, since it only requires estimating the LoS channel, which is flat in frequency response [8] . Given that we adopt the pure LoS channel in Eq. (7), the analog beamformer f RF,k for UT k in this case is expressed as:
B. Hybrid Beamforming
In order to extend the aforementioned ABS to embrace MU scenarios taking into account the Inter User Interference (IUI) between the UTs, we propose in this subsection a Hybrid-BeamSteering (HBS) architecture. It has to be understood as a hybrid beamforming evolution of the ABS by adding a digital ZF precoding function at the BaseBand (BB) level in order to mitigate the IUI. Throughout this paper we consider HBS as the only HBF architecture. Therefore both HBF and HBS notations are similar in the sequel. HBS is familiar in the mmWave MIMO literature [11] , [22] and it aims at decoupling the MU beamforming matrix F of Eq. (2) into two parts, namely ABS in the analog (RF) part and ZF in the digital (BB) part. Henceforth, the HBS beamforming matrix F HBS can be expressed as:
..,f RF,K ],F RF ∈ C Nt×N RF , denotes the ABS matrix, such that the column vectors are given in Eq. (8) . N RF is the number of RF chains at the transmitter. Since a single antenna receiver can be served by a single stream, the number of RF chains is considered equal to the number of UTs in this paper, i.e. N RF =K. W ZF ∈C N RF ×K is the ZF digital precoding matrix.
In order to calculate the W ZF , we first express the equivalent channel vector for each UT kĥ k ∈ C 1×N RF aŝ h k =h k F RF . Then, the total MU equivalent channel for the K UTsĤ is given by:
whereĤ is the channel seen at the digital layer. Hence the digital precoding matrix W ZF can be computed as:
In practice, W ZF has to be normalized to satisfy the total power constraint. In this paper, we use the Vector Normalization (VN) method, since it is shown in the literature that it outperforms the Matrix Normalization (MN) method in terms of SE [23] . Therefore applying the VN method on the digital precoding matrix column as follows:
Reconstructing W ZF again as W ZF =[w ZF,1 ,...,w ZF,K ] and recalling Equation (9), the HBS beamforming matrix F HBS is easily computed.
IV. SPECTRAL EFFICIENCY ANALYSIS
In this section, we provide analytical analysis for the achievable SE of MU-ABS and MU-HBS systems.
A. SE Analysis for ABS
Let us consider the MU-ABS case, where multiple UTs are served simultaneously in the same time-frequency resource using ABS. In this situation, the IUI is not tackled by any digital signal processing operation. The expectation of the per stream SE =E[η k ] can hence be approximated as follows:
where ρ represents the per UT transmit SNR. Utilizing Eq. (13), we will define two propositions that characterize the SE performance of the MU-ABS system. Proposition 1: For K = 2 UTs, served by MU ABS in pure LoS channel, the expected per stream SE =E[η k ] can be approximated as:
where J 0 represents the zero order Bessel function.
Proof: Here we use the approximation that [24] if X = X i and Y = Y i represent the summation of non negative random variables. X and Y independency is not required for this approximation to hold, and the approximation accuracy increases with the number of the summation terms included in X and Y [24] , [25] . Therefore, Eq. (13) can now be approximated (given that K =2 UTs) as follows: 
where |α k | 2 has a chi-squared distribution. Then evaluating the interference part E[|h k f RF,k | 2 ] as follows:
where α and φ are statistically independent which explains the second line in Equation (17) and as aforementioned E[|α k | 2 ]= 1. For readability, we define ∆=|a H t (φ k )a t (φk)| 2 . According to [15] , given that φ ∼ U[0,2π], E[∆] can be expressed as follows:
Therefore, E[|h k f RF,k | 2 ] can be expressed as:
substituting Eq. (16) and (19) in Eq. (15), the expected per stream SE E[η k ] for K =2 UTs using MU ABS at high SNR regime can be approximated as follows:
Proposition 2: For K > 2 UTs, served by MU ABS in pure LoS channel, the expected achieved per stream SE =E[η k ] can be approximated by:
Proof: The difference between this case and the previous proposition is only in the interference term, since here we have K −1 interference terms instead of only one. Therefore, similar to the analysis in the previous proposition, the average per stream SE =E[η k ] can be approximated as follows:
can be expanded as follows:
x i ) 2 , therefore, here we use the upper bound approximation 2 for tractability issues, given that the approximation error is minimal for high number of transmit antennas N t since the correlation terms |a H t (φ k )a t (φ i )| will have values that tend to zero. Therefore, according to [26] ,
can be approximated by its upper bound as follows:
with approximation error 1 2 Γ where Γ is given as follows:
25) where Γ → 0 when the number of transmit antennas is large (N t →∞). Therefore, similar to Equation (18) and according to [15] , δ = (K − 1)
Finally, from Eq. (26), (23) and (22), the expected per stream SE =E[η k ] for K >2 UTs using MU ABS with large number of transmit antennas can be approximated as follows:
We can observe that at K =2 the expected per stream SE =E[η k ] in Eq. (27) converges to the same expression in Eq. (20) which validates the generalization of our approximation in this proposition for MU ABS with any number of UTs K.
B. SE Analysis for HBF
In this subsection, the tight upper bound approximation of the achievable per stream SE E[η k ] for MU-HBS with large number of transmit antennas, is analyzed in the following proposition.
Proposition 3: For K UTs, served by MU HBS in pure LoS channel with large number of transmit antennas, the expected achieved per stream SE = E[η k ] is approximated as follows:
(28) Proof: Given that ZF is applied in the digital layer of HBS, the interference term
is forced to zero. Moreover, the signal term |h k f RF,k | 2 is down scaled in order to mitigate the interference. However, it is shown in [15] , [17] that the interference term in case of ULA transmit arrays is negligible for large number of transmit antennas. Therefore, the assumption in [27] that the interference term is negligible compared to the signal term for i.i.d. Rayleigh channels when ZF is applied in HBF and the number of transmit antennas is large can be reused here in our case with ULA correlated sparse channel. Thus, we use this assumption to derive a tight upper bound for the SE of MU HBS. This implies that at large number of transmit antennas:
Given that E[|h k f RF,k | 2 ] = N t as aforementioned in proposition 1 and using Jensen inequality, the tight upper bound approximation for the expected per stream SE =E[η k ] with large number of transmit antennas can be given as follows:
C. Asymptotic Transmit SNR Analysis
In this subsection, we theoretically define the saturation level of the expected per stream SE for MU ABS for large transmit SNR scenarios. Given that the transmit SNR ρ is large, the assumption ρ K i=1,i =k |h k f RF,i | 2 >> 1 holds, which leads to the approximation 1+ρ Therefore, in such case the expected per stream SE can approximated according to Equation (21) as:
where saturates and doesn't scale with ρ anymore. This is not the case with HBS, thanks to the ZF digital layer, the interference is totally mitigated (no intereference limited scenario) and the expected per stream SE scales logarithmically with ρ as shown in Eq. (28).
V. NUMERICAL ANALYSIS In this section, we validate the aforementioned SE models for both MU ABS and MU HBS in pure LoS channel. The transmit antenna array is ULA with half wavelength spacing d = λ 2 . The number of transmit RF chains N RF equals the number of UTs and thus equals the number of the steered beams N b by the BS N RF = K = N b for both MU ABS and MU HBS. The simulations are carried out in a Monte Carlo fashion with 10000 realizations. Perfect Channel State Information at the Transmitter (CSIT) is assumed.
In Figure 1 , the simulated per stream SE of the MU-ABS and MU-HBS systems, together with the theoretical approximations given in Eq. (21) and (28) are evaluated for different values of N t , given K =N b =4 for validation purposes. We can observe that the proposed theoretical approximations are tight enough with ≈1.2 bps/Hz approximation error at 0 dB for MU ABS for both N t =64 and N t =256. For HBS the approximation error at 0 dB for N t = 64 is ≈ 1 bps/Hz and for N t = 256 is ≈ 0.8 bps/Hz. This is expected because as N t increases the approximation for HBS in Eq. (28) becomes more accurate since the interference term tends to zero.
In Figure 2 , the simulated per stream SE for MU ABS and HBS, together with the theoretical approximations given in Eq. (21) and (28) are evaluated for different values of N b , given N t =128 for validation purposes. Again, we can observe that the proposed theoretical approximations are tight enough with ≈ 1 bps/Hz approximation error at 0 dB for MU-ABS for N b =6 and ≈0.8 bps/Hz for N b =2. This is easily explained because as N b decreases, the approximation error in Eq. (25) decreases for fixed N t . In the HBS case the approximation error is ≈ 1 bps/Hz for N b = 6 and ≈ 0.7 bps/Hz for N b = 2.
Since decreasing the number of beams K = N b decreases the total interference term K i=1,i =k |h k f RF,i | 2 , hence the approximation in Eq. (28) becomes more accurate.
From both Figures 1 and 2 , we can observe that depending on the three parameters ρ, N t and N b , the SE performance gap between MU ABS and MU HBS can be quantified. It is clear that when both MU ABS and MU HBS can achieve approximately similar SE performance (at low SNR, high number of transmit antennas and small number of UTs), MU ABS is more favourable because it avoids the Digital Signal Processing (DSP) complexity of ZF. Also, it has lower overhead and channel estimation complexity, since it only needs estimating the LoS angular information, while MU HBS needs full estimation of the equivalent channelĤ. Otherwise, MU HBS is more favourable as it achieves significantly higher SE than MU ABS, even if it is on the cost of the extra DSP processing complexity and channel estimation overhead.
Finally, in Figure 3 , the simulated per stream SE for MU ABS, together with the theoretical saturation bound given in Eq. (31) are evaluated for different values of N t , given K =N b =2 for validation purposes. We can observe that for different N t , the SE for MU ABS saturates to its corresponding analytical saturation upper bound at high SNR which validates our SE model in Eq. (31).
VI. CONCLUSION
In this paper, we have provided a closed form approximation for the expected achievable per stream SE for MU-ABS systems with a large number of transmit antennas. We have also theoretically defined the saturation level for such system at high transmit SNR regime. Furthermore, we have provided a tight theoretical upper bound approximation for the expected achievable per stream SE considering a HBS system at large antenna regime. Finally, we have validated our analytical analysis with simulation results and showed that our proposed models provide tight approximations for the achievable SE of systems using analog and hybrid beamsteering in LoS massive MIMO mmWave channels. Henceforth, the proposed models can be used to provide insights on the limits of the performance of beamsteering approaches in LoS dominated mmWave channels.
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